Let N(r, m, n) (respectively, M(r, m, n)) denote the number of partitions of n whose ranks (respectively, cranks) are congruent to r modulo n . It is shown that N(0, 4, In + 1) = M{\, 4, 2« + 1) and N(2, 4, 2n) = M(l, 4, 2n).
INTRODUCTION
Let be a partition with the parts arranged in nonincreasing order. Dyson [Dl] defined the rank of n to be the number: n0 -s (the empty partition of 0 has rank 0). Writing N(r, m, n) for the number of partitions of n whose ranks are congruent to r modulo m , he noticed that several relations appeared to hold between the numbers N(r, m, kn + s) when m = k = 5 and when m = k = 7. Of particular interest are the relations Ramanujan also showed that p(l In + 6) = 0 mod 11 . However, the values of their ranks mod 11 do not sort the partitions of 11 n + 6 into equal piles, and Dyson suggested there might exist a crank which would perform this trick. Such a crank was found by Andrews and Garvan [AG] . Here I give the (slightly different) crank of Dyson [D2] . With t := 7tQ-nl , the crank of n is t -nt, if t > 0, -s, ifi = 0.
Write M(r, m, n) for the number of partitions of n whose cranks are congruent to r modulo m. Then A/(0, 11, lln + 6) = JW(l, 11, lln + 6) = --= M{10, 11, lln + 6).
Also, (1) and (2) hold (with M for N) and there are numerous other relations between the M(r, m, kn + s), when (m, k) = (5, 5), (7, 7) and (11, 11) [Gl] and when (m,k) = (8,2), (9,3) and (10,5) [G2] . Furthermore, there are several relations between the A/'s and the iV's for (m, k) = (5, 5) and (7,7) and several conjectural relations for (m, k) = (&, 4), (9,3) and (12, 2) [L] . I show here
Theorem. For all n > 0,
In what follows, q denotes a complex number of modulus less than 1, and z is a nonzero complex number. Also
Note that
where p(n) is the number of partitions of n. Here, and below, ^2 denotes a sum over all integers (but note that p(n) = 0 for n < 0) and Y? denotes a sum over all nonzero integers. If AT is a power series in q , Xev and Xodd denote the power series in q with X^X^ + X^g.
The techniques I use are closely modelled on those of Atkin and SwinnertonDyer [ASD] . They described their methods as old-fashioned, so mine are doubly so.
Lemmas
Jacobi's triple product identity [A, Theorem 2.8] Another identity I shall use is the quintuple product identity [Go] : (7) (öOoJz ; tfloo^2«? ; 42]oo = (q* ; q3)00
Sorting the right-hand side of (6) into even and odd powers of q and appealing to (5) and (7) (8) and (9) (15) g(z) + g(z~lq) = \.
They also gave an expression for 2g(z) -g(z ) in terms of theta functions, but I need
By (14), 3g-(z) -g(z3) is unchanged under z i-> zg , as are H(z) and H(z2) (by (4)). //(z) and H(z2) together eliminate the poles of 3g(z) -g(z3) and so
where c is a constant [ASD, Lemma 2] . To determine c, note that, from (14) and (15), First we find expressions for Cev and Codd . From (8) and (20c) From (14), (29), and (30) (using (9)) = 0, by (11). So X = Y = 0 and the theorem is proved. D
Some questions
In the following list, the "=" have been established by Garvan [G2] and the " = " follow from the theorem proved above. The " = " are guesses that I cannot prove [L] . Af(l, 8, License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
